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ELECTROMAGNETIC PROPERTIES OF A CIRCULAR APERTURE IN A
DIELECTRIC-COVERED OR UNCOVERED GROUND PLANE

By M. C. Bailey, S. N. Samaddar, * and Calvin T. Swift
Langley Research Center

SUMMARY

The problem of an aperture fed by a circular waveguide excited in the dominant
transverse electric mode (TEu) is considered. The input admittance in the aperture
reference plane for the case of a homogeneous lossy dielectric cover of finite thickness
and the radiation patterns for the case of no cover are computed from integral transforms,
for which a TEy1 mode variation of the electric field is assumed at the aperture. Com-
putations for the uncoated antenna show that the patterns and aperture admittance are
similar to those of a square aperture with a field distribution given by the TE(, rectan-
gular mode.

It is noted that the uncoated aperture is well matched above midband of the circular
waveguide in contrast to the open-end rectangular waveguide. This inherent property
would be advantageous for possible use of the open-end circular waveguide as an antenna.

INTRODUCTION

The antenna under consideration consists of a circular waveguide, opening onto a
flat dielectric-covered ground plane as shown in figure 1. The dominant mode is incident
upon the aperture, and reflected modes of higher order are assumed to be negligible. The
fields inside the waveguide are therefore uniquely defined by a discrete TE (transverse
electric) vector potential containing one unknown, the reflection coefficient T,

The fields inside the dielectric slab are represented by standing waves and are
described by integral transforms of TE and TM (transverse magnetic) potentials, each
containing two unknown coefficients and each potential exterior to the dielectric slab con-
taining one unknown coefficient. The boundary conditions at the aperture and at the outer
surface of the dielectric slab are used to solve for the unknowns. This solution results
in an integral expression for T, or equivalently, the input admittance at the aperture

*Raytheon Company, Space and Information Systeﬁis Division. (Dr. Samaddar's
collaboration with the Langley authors resulted from recognition during their separate
endeavors of mutual interest in the same problem.)



reference plane, z = 0. (Further mention of input admittance is referred to this plane.)
When the permittivity of the dielectric medium ¢; equals the permittivity of free space
€, Or when the thickness of the dielectric coating d is zero, the expression correctly
reduces to that derived by Mishustin (ref. 1), who used a Green's function formalism;
however, the integral transform method appears to be more easily applied to the slab
problem.

The radiation fields for the case of no dielectric coating are derived by using the
method of stationary phase, and they are in agreement with the patterns computed by
modifying the expressions given by Risser (ref. 2). Numerical values of patterns and
admittance for the aperture with no coating are plotted and compared with those of a
square aperture of equal area, excited in the TEy rectangular waveguide mode.

SYMBOLS
Ay z-component of vector potential, electric type
A; z-component of vector potential, magnetic type
a waveguide radius
bin normalized input aperture susceptance
d thickness of dielectric coating
E electric field intensity ,
8in normalized input aperture conductance J
gs normalized surface wave conductance ‘
{

H magnetic field intensity f
s VI |
J1(p) Bessel function of first kind of order 1

2 A2
k, 11 axial TE,; Wave number in the guide, ko |1 - (ﬁ)
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axial wave number in the dielectric medium
axial wave number exterior to the structure

propagation constant in free space, 27/Arqg

propagation constant in the dielectric medium, HE
index of refraction of dielectric slab, k1/ ko

complex power

spherical coordinates

time

unit vector in z direction

Cartesian coordinates

first root of Jlt(x“) =0

normalized input admittance of aperture, 8in - jb-m
admittance of free space

normalized radial wave number, £/kq

location of surface wave poles in complex S-plane
reflection coefficient

differential vector operator

Dirac delta function

permittivity of free space



complex permittivity of the dielectric medium

Sl

¢ radial wave number exterior to waveguide (used as a continuous dummy
variable)

Ao wavelength in free space

Ko permeability of free space

£ radial wave number exterior to waveguide

p, 0,2 cylindrical coordinates

w angular frequency

Intermediate functions:

I1(£),Ry(£) coefficients of magnetic vector potential in the dielectric slab
Io(£),Rg(£) coefficients of electric vector potential in the dielectric slab
T1(8) coefficient of magnetic vector potential external to the structure
thg) coefficient of electric vector potential external to the structure

X1(£),X9(£),X3(8), expressions given by equations (14) to (18) to simplify the
X4(g),W(§) solution to the boundary-value problem

Subscripts:

p,0,2 vector components in cylindrical coordinates
r,0,¢ vector components in spherical coordinates
n order of surface wave mode

Superscripts:

I denotes field components and vector potentials inside waveguide



I denotes field components and vector potentials in the dielectric region

x ~ denotes field components and vector potentials in the region outside the

dielectric slab

* complex conjugate, except when used in connection with the magnetic vector

potentials

THEORY

Statement of Problem and Method of Approach

The geometry of the problem is shown in figure 1. A circular waveguide, fed in
the dominant TE1; mode opens onto an infinite, perfectly conducting flat ground plane
coated with dielectric material of thickness d and complex index of refraction N,

The medium inside the waveguide and
external to the structure is assumed to
be free space. It is also assumed that
no higher-order waveguide modes are
excited at the aperture and that the

fields everywhere vary in time as e~i®t,

In order to derive the input admit-
tance expression for the circular wave-
guide aperture, the fields in each region
are constructed from vector potentials
which are solutions to the wave equation
in cylindrical coordinates. Implicit
relations between the unknown coeffi-
cients are obtained by equating tangen-
tial E and H fields at the boundary,
z = d, and requiring that tangential E
be continuous at the aperture, z =0,
The integrals are evaluated with the use
of the Dirac delta function & for Hankel
transforms. The input admittance is
then found by equating the complex
power expressions at the aperture, and
the solution is expressed in a form more
convenient for numerical integration.

e d —>
Eleciric fleld
(TE;; modc) [ = 7
HoS
Hoa€q
T Hos%
s 5 Z

/ )
Infinite ¢round plane

L]
z2=0 z=4d

Figure 1.- Circular aperture coated with
homogeneous lossy dielectric,



Fields and Vector Potentials

Since only the dominant TE11 mode is assumed to exist inside the waveguide, the
fields for z =0 can be uniquely described in terms of a single vector potential as

follows:

whereas, for z > 0, the fields must be described by both TE and TM potentials such that

-

EH=-$><(AZ*H)&Z- 1 "v'x['v?'x(Ag)ﬁz]
€1 JWHEL
- ;g » A;:H . II) > (2)
Al=- L1 IVx|¥vx|[=Z—]i _'v'x( 4
Tolg ) Ug, +No Az Jug
Py,
and
"
*I11
=M _ o AZ)* 1 —E(m)ﬁ]
Bl _¥x - vV x |V x
(eo Y2~ Joloto Az )z
> (3)
= VX |V X — V X |A
8 olo (eo 2| T o z e

where A, and A.;, each of which satisfies the wave equation, are defined by Stratton
(ref. 3).

Since all higher-order TE and TM reflected modes are assumed negligible, the
solution for z <0 is given by

*1 o 11 . 11
% = A(e]kZ 2 ez 2) 5 1(::%1_1,0) cos ¢ (4)



where the argument of the radial dependence of equation (4) follows from the requirement
that tangential E=0 at p =a. The general solution to the wave equation in regions II
and ITI requires that both sets of potentials contain a Fourier series in ¢. However,
from the boundary conditions, all terms except the coefficient of cos ¢ in the series for
Ay A i I

) and - and the coefficient of sin ¢ in the series for Az and Aj must

0

vanish,

With this a priori information, a straightforward separation of variables and an
integration over radial modes £ leads to solutions of the form

-
11 . .
=0 ~jk
Aezl = cos ¢ go 'SJl(ﬁxf:‘)El(ﬁ)eJkZIZ + Ry(&)e ! ZIZ]CU;'
(5)
w ik ik
AT = sin ¢ fo £J1(£9)E2(£)e] 21" | Ryle)e ™ le]dg
and
TIT
Az* s K, ~Z
Z_ - cos ¢ 50 £T1(6)3(6p)e 2% a
(6)

o0 tk
A ey B go ET(£)3 4 (kp)e’ 20%as

where the Bessel function of the first kind is required to assure finite fields at p = 0,
Equations (5) and (6) can also be obtained by performing the Hankel transform of the wave
equations satisfied by A, and A: /e with respect to the kernel J(&p).

The radiation condition is guaranteed if

Kzo = vkoz = ‘6’2 (k02 > 52)

kzo = i|£2 - ko2 (ko2 < £2)

)

2

where k02= wlg€n and

kz1= Yk12 - £2 (1412 > 52)
kp1 = 3|52 - Ky (k12 < £2)

(8)

where k12 = wzuoel.



When equations (4), (5), and (6) are substituted into equations (1), (2), and (3),
respectively, explicit expressions for the fields in terms of the unknown coeifficients are
obtained. These field equations are given in the appendix.

Evaluation of Coefficients

The unknown coefficients now remain to be solved. For this purpose, appropriate
boundary conditions are applied at z =0 and z =d. Continuity of the tangential com-
ponents of the fields at z =d leads to the four equations:

(1) Continuity of Eg:

ejkzldﬁl(g)a‘-‘ﬁ I1(8p) - Ig(s)wk:cfel JL?—‘Q}

+ e'jk“dﬁ%l(a-— Jy(ep) + Rg(g)wkjlel Jlffp:l ejk‘”“’d[r (s)# . (zs)w:"eo : Jl(.sp} (02)
(2) Continuity of Ep:

ej"zl“[ Gl (s)wjle i JI(EPE|

+e'jkzld% (g\J1(Ep) +R2(§‘wk:1.s ;llp Jl(gpil - ejkzod[r (g)_lﬁﬂ 2(9&}:12_—3_604?_9']1(ng| (9b)

(3) Continuity of Hy:
jkgz1d kz1 J1(¢p) 1d
e kz1 ﬁl(ﬁ)ﬁa—p— - 12(5)"'_,"5 d JI(EPE\

(4) Continuity of Hp:

"‘zl“[ 13652 & 11(ep) - Tp(e) L JI(E”’}

-e""‘zld[altagﬁ%gﬁ Jltgp)»rng(s)%%g"’}e"“md[ 0722 L 31(e0) - To(e1L "l(‘g"’] (9d)



Solving equations (9a) through (9d) by the method of determinants yields

X1(£)

R1(¢) = W)

[[166) + Ra(2)]

Xo(£)

Ro(¢) = ‘W'

fr2(®) - Ra(e)]

X3(8)

118 = W

1) + Race)]

Xy (£)

Ty() = oy [2®) - Re(€)]

where

: ; 2 y . 2
W(£) = kzlkzo[el(e]kz 1d | -y 1d) i eo(exkzld ) e-]kzld)]

i (‘°-0kz12 + Elkzoz)(ezijId & e-zijId)

X1(¢) = (kzl - kzo)%zijId(Elkzo - eokzl) +€e1kzo + Eokzl]

2jk,1d
Xy(8) = (‘-‘okzl - Elkzo)[e z1 (kzl - kzo) +kz1 + kzo]
j i ; . 2 : ; 2
k,1d - d k - =
X3(8) = kzleJ e ao lglkzo(eJ 214 +e ]kzld) +eokz1(e]kzld ~8 Jknd)
) (eokzl + elkzo)(ezlkz' 10 e-zlkzw)]

T lejkzlde-jkzodE{zl(ejkzld retatdf o (ka1d _ ooikprd)?

- (kzo +kz1)(e2jk21d 4 e"zjkﬁldﬂ

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)



Continuity of E¢ at z=0 gives

I9(£) - Ro(£)|k,1d1(£p)
[2 2&] z1 1%9} (19}

A(l + r’ab‘ J1( ) 5" dt ¢ [11(5) + R1(E] gp J1(ép) - Olgep

and continuity of Ep at z=0 gives

X11
A(l...r)_u g dt 5{31(‘5) Rl(g]h(zp) [Iz(s)u:ize(fﬂkzl dJ;Sp} (20)

The coefficients I;({) and Rj({) may be eliminated by first multiplying equa-
dJ
tion (19) by J1(¢p) dp and equation (20) by p —#

dummy variable, Then, integrating each equation with respect to p and adding them
gives

A(1 +T) f: g‘th( 1L )Jl(s;:v]

o ekgIa(e) - Ra)] 0 [35(60)31(t0)  d3y(e0) a3y (cp)]
".S‘o dg = g[ 3 g - dep (21)

dp, where ¢ 1is introduced as a

where the integral over p on the right-hand side of equation (21) was extended from
symbol a to <« because of the boundary condition, which requires tangential E=0
on the ground plane,

The integration of the left-hand side of equation (21) is trivial. However, a few
manipulations are necessary to integrate the right-hand side. First, Bessel's equation
is used in the following form:

dJy(¢p)
p %E» —é—p-—] + (202 - 1)31(80) = 0 (22)

1(@9)

Equation (22) is then multiplied by dp and integrated from 0 to «, Second
derivatives are eliminated by integratmg by parts, and the following relationship is

obtained:

10



SO L 2 TTd ]"d“’-ﬁ 5’0 pJ1(&p)T1(Ep)dp

= £6(£ - ¢) (23)
where the definition of the Dirac delta function for Hankel transforms is given elsewhere
(ref. 4).

With the use of equation (23), it is easy to show that the coefficients I5(£), Ry(£),
and I' are implicitly given by
-A(1 + Twpge
ﬁzkzl

[12(8) - Ry(e)] = J1(x11)I1(k2) (24)

dJ1(¢p)
p

When equation (19) is multiplied by p dp and equation (20) by J1(¢p)dp

and both equations are added and integrated with respect to p, an implicit expression
for Iy(%), R1(£), and T is obtained in a manner analogous to the previous development
of equation (24). The result is

[1168) + Ry (e)] = uﬂ)— T1(x11)71'(5a) (25)
za[( ”) sz]

where the prime on the Bessel function denotes differentiation with respect to the
argument.

Continuity of complex power across the aperture completes the boundary conditions.
The complex power expression in region II, at the aperture, is found by integration of the
Poynting vector over the aperture:

pI_ %S:ﬂ S: dp d¢ p(E*Hqu E; H]I) (26)

Substitution of the field equations from the appendix, integrating over ¢, and combining
terms yields

11



il %X: 3‘: dt de £¢ :;it Ei“(&) " RI(&)][II(C) § R1(§ﬂ [1 - 2‘1,((15)]

pdp

K1 Doy o _ 2250, = [31(ep)1(cp) , a31(2p) aJ1(ze)]
+%2€I[xzm R3] [12(0 Rz(C)]E+ W(g)} f[ o ]

; {%B‘(g) % RI(Eﬂ [12(‘3) = Rz(‘:ﬂ[l 2\;((2;5)@)]

|kz1| 2(5) - Rz(.g 11(0) + Rl(t;’ . 2X1(C Jl(ﬁp)h(ﬁp]flp
W(“;’) o dp

(27)

The first integral over p gives ¢ times the delta function, &(¢ - £), and the
second integral over p vanishes; hence, when equations (24) and (25) are used, equa-

tion (27) reduces to
o0

: ds (X11)4(325kz1\@1'(§aﬂzE’V(f) - 21 ()

a whg / 9 2
W(s)[(}%) : -s2:|

Pl - %IAIZ(I + T + 1“)|:J1(X11)]

0
2
. we; \Ell('éa)] E'V(‘g') + 2X2(_’é_)-_|_ -
Ekzlj w(£)
The complex power in regionIat z=0 is
21 ~a
I_1 1L *[.. 1
-1 i So do d(pp(EE; HY - B Hp)
2
2 1 X11P
"|A| (1+TH1 - r) Jl # pdp  (29)

12



which integrates to

%lAlz(l +TH(1 - P)EVI -(%—%)2 IKXH)2 - 1:”:J1(X11ﬂ2 (30)

Input Admittance

The input admittance, normalized to the waveguide characteristic admittance, is
found by setting p- P*H at z = 0. This substitution immediately gives

Yin = &in - Pin

o -~

. 2(x11)* \l ag/ i El'(gaﬂz [Wee) - 2x,(2)]

’——7 2
2
W(E)[(%) 2 82}
0 \
wp e Ell(ea)] [Wee) + 2x5(¢)]

Ekz1W(£)
K11 _N X11

Equation (31) can be simplified by examining the expressions for X1(8), Xo(8),
and W(£) (egs. (14) to (16)). This simplification, after being factored, gives:

w(p) - 2X,(8) _ |1 - B cos(kodifN2 32) i Nz-_stin(kodVNz-ﬁz)

(31)

lr“‘——‘ - (32)
v NZ - g2 COS(kodVNz - 62) j\[l - g2 sin(kOdVNz - 32)
and

W(B) +2X3(p) _ VN2 - g2 cos(k aj/n2 - 32) = 3N2\]1 8 Sm(kod‘;Nz _ ﬁz') -

YO N ReosidWE - ) - | sin(ioa|N2 - 62)

where B=£[k, and N =k;/ko.

13



The input admittance expression then becomes

o i

ayE2) o~ (a2 an (a2 22)
a, X_ . dﬁi — .

[(x“)z ) Wl ) (_%) ] i (;%;)2 -82 -y -—-—rN_lzv—‘__if_z tan(kodm)

Yin =

EJ 1(koaﬁﬂ2 E - j Nl i “"iz tan(kod mﬂ
e
gy = .

2
+
2 s
A

(34)
Equation (34) is basically a contour integral along the real axis of the complex
B-plane, For the case of a lossless dielectric coating, the singularities of the integrands
in this equation occur on the real axis; therefore, the path of integration for numerical
computation must be deformed around these singularities by semicircular excursions in
the complex B-plane. These poles are of first order and occur at the values of f = 3y,
which are the roots of the transcendental equations

le = 1 l}Nz = B8 cot(kod VNz " 3n2> (352)

-jN2 Vl - B2 = sz - an ta.n(kodl}Nz - an) (35b)

These pole locations correspond to the eigenvalues for the cutoff conditions of surface
wave modes (energy confined within the dielectric coating). Since the dielectric coating
which covers the waveguide aperture is located on the ground plane, only the odd TE and
the even TM surface wave modes can exist, In addition to these poles there is a branch
point at B = 1; however, it may be noted that g =N is not a branch point.

For TE modes:

For TM modes:

The contribution of the semicircular contours that occur at each surface wave pole
may be evaluated by residue theory. The amount of real power confined to the dielectric

14



coating is represented by the surface wave conductance, which may be computed from
multiplying 7j by the sum of the residues of equation (34). This operation gives, for
the TE surface wave conductance,

27(x11)2 “ 2 (w2 - an)[Jl'(koaBn)]z
gs © = - (36)
ko d xll :lv (:;0 X11 _ anil 1 _(N2 _ I\Sin(ZkodVNz = Bn2)1
3112 = 1} ZkOdVNz _ f3n2 J
and, for the TM surface wave conductance,
2 Ejl(koaﬁni‘z
g " = 2nN b (37)

ol - o - () g2 25 )l 2
Y N 52
'Bn 2k0d N2 - an

where the values of B, for the TE and TM surface wave modes are given by equa-
tions (35a) and (35b), respectively.

For the lossy dielectric coating, the values of B, are complex; thus, no poles

are located on the real B-axis and the numerical integration of equation (34) is more
straightforward.

PROPERTIES OF THE UNCOATED APERTURE

Input Admittance

A partial check on the admittance expression for the dielectric covered aperture
is that it should revert to the free-space solution when either d =0 or e = €,

For the aperture with no dielectric coating (d =0 or e = ¢;), equation (34)
reduces to

oo
Yoo

2

2fez) (i‘{il)z e ;‘1'("0“3)]2 . [31(1036) (38)

¥in = ag

_ [(x“)z i I]VI ) (%)2 5 [(X%)z 2 ﬁ"T Exu)2 - 1] (xlé)z Bj1 - 62

0

[3-]

15



which agrees with the expression derived by Mishustin (ref. 1), in which a Green's func-
tion approach was used.

From the phase condition of equations (7), equation (38) may be separated into its
real and imaginary parts, which results in

1

. — 1 >
[(xn): H_l]ﬁ )2gm (311) )2 dﬁfﬁ- 32[11'(%:8)]2 + dp Jl(kOaﬁ)T! (39a)
TENENGE

o 5
5
2
f

e g [ ]
ByB® -1 | {(xq7\2
I -32}

1

These integrals must be numerically evaluated.

Asymptotic Expansion of Radiation Fields

For the aperture with no dielectric coating (d =0 or e = ¢;), equations (12)
and (13) reduce to

J L]
T1(8) = A(1 + F)(Xll)le(Xll)-—l(Zi)——-— (40)
-
and
J1(¢a)
Tg(&) = -A(1 + I")wﬂoeoJl(xn) (41)

£2kz0

16



Therefore, for d =0 or ¢ = ¢, the vector potentials (egs. (6)) outside the structure
become

1 t jkzoz
J J
Aio = EI.A(I + P)JI(XII)CDS ¢ d¢ 1 (ga) 1(§P)92 (42&)
-
0 |
* J J jkzoz
Azm = ~whoenA(l + I‘)Jl(xu) sin ¢ f dg{l(ga) glliz)e } (42b)
0

In order to compute the radiation fields from equations (42), the ranges of integra-
tion must be extended over the entire real axis in mode space. This computation can be
made by first noting that as £p — «, the Bessel function in the integrand of equations (42)
can be asymptotically expanded to give

3T
4 T.jkp  o-itp

B o VEo

(43)

J1(tp) = &

The substitution of equation (43) into equations (42) results in a sum of two integrals
with limits over the positive real axis. However, if ¢ is replaced by -£ in the inte-
gral containing e]‘Ep, the sums may be combined and the limits become -« and +w,

a1 m
Hence, 6 and A, may be written as follows:

3w jr(k 9+£sing
A;III ae 14 Jl‘(ga)elr( Zotasitsaln )
E s A(L + T)J1(xq) = cos ¢ dg (44a)

2
g2\ f s
1- (}—{II) V§r sin 7]

-0

17



.37

-ig- 5 55) jr(k,ocos 6+£sing)
= -A(1 + T)J¢(x11)————— sin d 44b
be e 1( 11) ﬁ; 4 £k, 0 V.Sr sin 6 )

where a transformation to spherical coordinates suchthat z=rcos 8 and p =r sin ¢
was made.

The extension of the integration is required in order to apply stationary phase eval-
uation of the integral. From Knop (ref. 5), the asymptotic solution of an integral of the

form

1= g@e®a (45)
is given by
I ~g(k, sin B)ejkor v_z-‘:,ﬁ cos 0 (46)

When equations (44) are expressed in the form given by equation (46), the far-field
expansions of the vector potentials become

-

L jkor ﬁot 6 cos qul'(kOa sin 6)

= —A(l + I')Jl(xll)a'e 3
1 - (Ko i 9)
X11
iKor

A TINCN- sin ¢ J1(koa sin 6)

III
A =A(l +I)J
z + D)y (xq1) ok | sl J

%

T

e ¥ o

(47)

It is of interest to note that since the integrands of equations (42) are odd functions
[=a] o0
of &, S‘ d¢Jq(ép) . . . may be converted to % ( i dng(l)(gp) «+.. Then equa-
0 Yeog
tion (16) from Samaddar (ref. 6) with n =1 may be used to obtain equations (47) directly.

18



For large values of r and sin @+ 0, it is not difficult to show that the radiation
fields become

Eg =ik Aﬁg sin 6 (48)

or

Jkor [k a cos 6 cos ¢pJ1'(kya sin 6)
r g
k.a
1 -(=2=sin B)
(xll

ejkor sin ¢Jq(kya sin 6)
r sin 6

s jA@ + D)ay(xq )8

Eg

"

(49)

g = -jAL + D)y(xqy)

4

The magnitude of the radiation pattern is defined as the square root of the sum of
the squares of the terms in braces. Although the method and the geometry for the pres-
ent problem are somewhat different, the above expressions for the radiation fields resem-
ble those obtained previously (ref. 7). The Kirchhoff integral was used several years
ago (ref. 7; see also, ref. 2) to derive the radiation fields of an open-end waveguide with
no ground plane. These results can easily be modified to describe the present problem.

Results

The input admittance expression (38) was programed on a data processing machine
in which the Gaussian quadrature method was used to evaluate the integrals. The ratio of
the diameter to the wavelength 2a/h0 was chosen as the independent variable, and cal-
culations were performed over the range 0.5859 < 2a/), < 0.9720 which brackets cutoff
of the TE11 mode on one end of the band and that of the TE91 mode on the other end.
Although cutoff of the TMp; mode occurs at 2a/ng = 0.7654, it is believed that the aper-
ture discontinuity should not induce a reflected TMy; component, provided a TMg; mode
is not incident upon the aperture.
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Results of the computations are shown in figure 2. The input admittance is initially
large due to the small value of the normalizing guide admittance near cutoff of the TE{4

mode. However, as

conductance approaches unity, and the inductive susceptance approaches zero.

Za/ho increases toward cutoff of the TE9; mode, the normalized
In other

words, the antenna becomes more nearly matched to free space as the frequency

increases.
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The aperture admittance of the circular waveguide, defined as

is plotted in figure 3. The calculated values show excellent agreement with Mishustin
(ref. 1). Although Mishustin plots his susceptance on the positive axis, the present cal-
culations indicate that the susceptance actually goes inductive at the lower end of the
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Figure 3.- Admittance of circular and square waveguide apertures of equal areas
radiating into free space.
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band as verified by preliminary experimental results. The corresponding values of
yap/yo are given for a square aperture of equal area, excited in the TEp; rectangular
waveguide mode (ref. 8). The latter is plotted as a function of the guide dimension in
wavelengths b/, where b =ayr. The conductance of both waveguides is virtually
identical, and the susceptance of both is small over the range considered. This simi-
larity in the admittance is somewhat surprising in view of the difference in geometry
and field distribution.

The normalized radiation patterns in the two principal planes are given in figures 4
and 5. They, too, are similar to those of the square waveguide (ref. 9), which are indi-
cated by the broken lines,

CONCLUSIONS

The input admittance and radiation patterns of a circular waveguide, opening onto
a flat ground plane, have been derived by use of the integral transform methods. The
aperture admittance and patterns for no dielectric coating were computed and are quite
similar to those of a square waveguide of equal area, excited in the TEp; rectangular
waveguide mode.

It is of practical importance to note that, for possible use as an antenna, the open-
end circular waveguide is well matched to free space above midband of the waveguide.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., April 15, 1968,
125-22-02-02-23.
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APPENDIX
FIELD EQUATIONS

Expansion of the fields in equations (1 ), (2), and (3) into cylindrical coordinates
gives, for z =0,
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APPENDIX

and for zzd
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Substitution of the vector potentials from equations (4), (5), and (6) yields, for the
vector components of the fields for z =0,
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for 0=z =d
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APPENDIX
and for z =d
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